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Abstract

The torsional deformation behavior of an elastic bar with a circular cross-section was investigated by
applying invariant dyadic analysis, where the small finite displacement functions advocated by Saint-Venant
(1855) were fully employed. It was found that the previously overlooked circumferential shear force field
generated by pure torsion on the side walls of a bar produces an unusual torque term induced by the skew-
symmetric part of the deformation tensor and exhibits quadratic length dependence along the z-axis of the
bar. The adaptation of this torque term for a helical conformation of a-peptides creates moments acting on the
circular cross-sections and is directed along the surface normal of circular cross-sections, which coincides with
the tangent vector of the helix. The projection of this torque along the z-axis of the helix varies quadratically with
the azimuthal angle. The radial component of the unusual torque, which also lies along the principal normal
vector of the helix, starts to perform a precession motion by tracking a spiral orbit around the z-axis, whereas
its apex angle decreases asymptotically with the azimuthal angle and finally reaches a finite value depending on
the height of the helix along the z-axis. The ordinary torque terms, which are also deduced from the self- and
anti-self-conjugate parts of the deformation tensor, have magnitudes half that of the full torque term reported in
the literature. The present results were applied to the helical conformation of a-peptides designated by {3.6,,}
to show that the mechanical stability of strained open-ended helical conformations can be successfully achieved
by spontaneous readjustments of the surface and bulk Helmholtz free energies under isothermal isochoric
conditions. It has been demonstrated that the main contribution to the mechanical stability of a-peptide 3.6,
cannot come alone from the electrostatic dipole-dipole interaction potential of the anti-align excess dipole pairs
but also from the surface Helmholtz free energy, which is characterized by a binding free energy of -15.5 eV/
molecule (-32.56 Kcal/mole) for an alpha-peptide composed of 11 amino acid residues with a critical arc length
of approximately 10 nm, assuming that the shear modulus is G = 1GPa and the surface Helmholtz specific free
energy density is fs = 800 erg/cm? This result was in excellent agreement with the experimental observations of
the AH-1 conformation of (Glu)n Cys at pH 8. The present theory indicates that only two excess permanent anti-
align dipole pairs for one a-Helical peptide molecule is requirement to stabilize the whole secondary structure
of the protein that is exposed to heavy torsional deformation during the folding processes which amounts to
7.75 eV/molecule stored electrostatic energy compared to the interfacial Helmholtz free energy of -23.25 eV/
molecule, which is exposed to hydrophobic environments.
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Nomenclature

@ = 0¢ ~ 9z : Relative twist rotation of the cross-sections;
0 =dg/d¢: Torsion angle, This is also denoted by “A”. It is a
constant; q_i = 9zIZ : Twist angle of cross-sections of bar about
z-axis; d@ = Hdzlz :Infinitesimal twist of two neighboring
cross-sections distance dz; ¢(xy): Warpmg functlon VS :
Deformationdyadic(tensor); vs = E{Z(IJ J 1) ki y+kJ X}
Displacement dyadic is given In Orthonormal three vectors
set; S =60z(-1y+ jX): displacement vector field for torsion;
=1/ 2(V§+ §V): Self-conjugate part (strain tensor);
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v =1/2(V§—§V): Anti-self-conjugate part (strain tensor);
¥Y=-1/21 x(Vxé) : Implies vortex motion; @ =1/2V xS
Angular rotation vector. % curl S; mod&: The circular
measure of rotation angle; 0 = —@xF : Displacement Rotation

b d [}
of a position vector; I: Idempotent or unit dyadic; Fgpq > Fgng -
. : L
Traction forces applied to the Free C-end; Fvan Fvan
. : . b 0]
Traction forces applied to the sidewalls; Mg .M
Torque terms with respect to the Constrained-end cross

sections; MVI\I;a" (Z)’MV‘\{/IaII(L): Torque terms associated
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with the Cylindrical side- walls force fields (i.e., an unusual
torque term); f: Local tangent vector of helix; D : Binormal
of helix; db/d¢ =—AA “A’Torsion of helix; A=(1/R) sin f cos f:
Torsion of simple helix; df /d¢ = & : “k” curvature of helix; S:
Inclination angle of helix; R: Radius of helix; 6 = d@ /dl = At : 4
Vector describes the rate of variation of the twist Angle ¢
per unit arc length; Mod [67] = A : The torsion angle called by
Landau & Lifshitz; G: Shear modulus or modulus of rigidity;
u: Mobility in the Einstein-Nernst equation; a: radius of the
helical skeleton; £: Arc length of the helical skeleton; t:

Relaxation time; VF;- (¢) : Surface Helmholtz free energy of
helical form; f, Specific Helmholtz surface free energy; VFg (Z)
: Global Helmholtz free energy; VFg(¢): Bulk Helmholtz
free energy; 6VFg (z) : Change in the surface Helmholtz free

energy; VFepem (V): Chemical bulk Helmholtz free energy;
VFMech (f) : Mechanical bulk Helmholtz free energy; ovS,,:
Change in the internal entropy; éVFs : Change in the Helmholtz

free energy; éVSﬁ]t /6t=-1/ToVFg /6t20: Planck (1887)
criterion combined with the positive definite internal entropy
hypothesis Isochoric isothermal changes for closed system;
VF(a,?): Global Helmholtz function for extremum problem;
Vp(@,0): Volume of backbone skeleton; Z(a,f): Enlarged
function for extremal solution; x: Lagrange Multiplier; ﬁ*,
a* Stable arc length and radius; E, Binding energy or
extremal Ijlkelmholtz free fo*r the Non-equilibrium stationary
State; VFg =-5.769 and VGG =+5.772: Extremum values of
Helmholtz and Gibbs energy Barriers for critical nucleation of
a-peptide 3.6, ;; 0= 0.59,0356: Critical nucleation arc length
for the a-peptide 3.6, ; VFy; (¢) : Helmholtz free energy due to
pure bending; M,: Bending moment of amino acid skeleton;
E: Young modulus of elasticity; v: ultrasonic longitudinal
propagation velocity; v: Poisson’s ratio; p: Volumetric density;
V F, Global Helmholtz free energy; V G, Global Gibbs free
energy; Vd'—d . Dipole-dipole potential energy; d', d:
Electrostatic dipole vectors; € ; Dielectric constant; F : Force;
M: Moment; C‘// : Rotational rigidity due to the circumference
Shear force field at the cylindrical wall; I: Section moment of
inertia Dielectric constant; * Ed _d (Z): Interaction potential
between dipole pairs Negative for Anti-align Positive for
on-align pairs; §: Variation operator; x: Lagrange Multiplier;
Z(a,z): Lagrangian Function for the extremfl solution; £,
a*: Stable arc length and helical radius; VFg: Binding free
energy of the helical conformation; M: Angular moment of
helix; Q: shear force; I: Moment of inertia; w: Angular velocity
of section along arc length; ¢ : Twist angle along the arclength;
Cy Rotational rigidity; Q: Shear

Introduction

In this work, we have to place special emphasis on the
anti-self-conjugate part of the deformation tensor (dyadic)
associated with a simple helical linear elastic body with
circular cross-sections, which is exposed to pure torsional
and bending moments. The re-examination of this historical
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problem related to the pure torsional deformation of a solid
bar is important because of the underestimated role of the
non-vanishing shear force field directed along the tangential
orientation of the circumferences of the cylindrical sidewalls
of the solid bars and helical conformations. Unfortunately,
not only the shear surface force field but also the anti- self-
conjugate part of the deformation tensor arising from the
proposed pure torsional displacement fields by Saint-Venant
[1] (1855) have been completely neglected in the literature [2-
5]. These incidents have occurred repeatedly in the literature,
mainly because while people are trying to find approximate
solutions for the Airy differential equations associated
with the stress function arising from the arbitrarily shaped
cross-sections exposed to wrapping, they have intentionally
adapted the free surface boundary conditions to simplify the
approximate treatments of boundary value problems.

One can easily prove that the self-conjugate strain
dyadic deduced from the deformation tensor obtained from
the Saint-Venant displacement field can rigorously obey
the compatibility requirements. This sidewall shear force
field in the treatment of the skew-symmetric part of the
deformation tensor appears to be rotational in character and
can be represented by a torque term such as jdAF/\f =0
with respect to the center of mass (c.m.) of the circular cross-
sections. In addition, these shear circumference forces owing
to the circular symmetry of the cross-sections result in zero
contribution IdAF = 0to the global force balance equation,
but not to the torque global balance. Therefore, it is necessary
to consider the overlooked secondary facts in the complete
treatment of this problem. The present results, when applied
to the helical conformations of peptides in collaboration with
the irreversible thermodynamics postulates, show that the
stored or residual elastic deformation energy density due to
the unusual new torque term can counteract the surface and/
or the electrostatic monopolar and dipole-dipole interaction
energies to create a mechanism for the desired absolute
configurational stability of the helix with a critical size and
binding free energy for a well -defined arc length under
isothermal isochoric conditions. This phenomenological
situation relies on the fundamental postulate that, which
indicates that any increase in the Helmholtz surface free
energy of an isochoric closed system by the enlargement of its
surface area results in a simultaneous reduction in the stored
elastic strain energy content of the body [6-8]. The validity
of this hypothesis has also been rigorously justified by the
formulation of the contributions of the electrostatic dipole-
dipole interaction potential to the Helmholtz and Gibbs
volumetric specific free energies, where the anti-align pairs
[MU] enter into the scenario with negative and positive signs,
respectively, for the isochoric and isobaric systems.

Electrostatic =~ dipole-dipole  interaction  potential
contribution for given helical peptide chain is directly
proportional with the excess number of anti-align [N1U]
permanent dipole pairs -that are mostly present in the steroid
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rings of the Peptide skeleton together with align- pairs [f1U]-
and generates a negative new term in the Global Helmholtz
free energy balance equation in such way that its magnitude
changes linearly with the arc length having a negative sign
similar to the ordinary Helmholtz surface free energy. This
is quite contrary to the alignment pairs because they enter
the scenario with a positive sign, which inhibits mechanical
stability under isochoric and isothermal conditions.

As a byproduct of the present theory, isobaric growth
thermokinetics of the helical peptide conformation are
formulated under torsional and bending deformation stress,
which indicates that there is an activation Gibbs free energy
barrier for the growth of critical nuclei that can only be
surmounted by large thermal fluctuations. However, this
situation can be mediated by an excess number of online
[MU] dipole pairs created at elevated temperatures because
of permanent dipole orientation switching through localized
temperature fluctuations (local melting). This process
reverses the contribution of electrostatic D-D interaction
potential to the global Gibbs free energy.

Torsion of a circular bar

The torsional small displacements (twist) of a straight
bar with arbitrary cross-sections were first introduced by
Saint-Venant (1855) and later formulated by Timoshenko
and Goodier [4] and Landau and Lifshitz [5], such as
Uy =-0zy,uy =0O2X and u, = G)‘P(x, y). Where the cross-
section warping function x//(x, y)is also discussed in detail
and proven to be zero for circular cross-sections. When
necessary, we used a cylindrical coordinate system, namely
{r, 6, z}. Set {f, 7} denotes the unit and radial position vectors
in the circular cross-sections, respectively. While maintaining
the second author’s universal vectorial expression for the
infinitesimal rotation 50 = 6p x ¥ —=§ formally [5], one may
write down the relative torsional deformation of two
neighboring cross-sections at a distance dz by [d@ = ©dzk]
where ¢ is the twist angle and O is the torsion angle which
is the angle of rotation per unit length of the bar, namely © =
dd/dz . If we assume that the torsion angle is constant, 60 = 0
for those cross-sections located at any distance z from the xy-
reference plane, which is the undeformed z = o plane (origin)
situated at the bottom or top ends of the bar and whose
surface 1ormal direction coincides with the z-axis, denoted
by the k unit vector. The integration of the above expression
from the origin z = 0 to any arbitrary point along the z-axis
is denoted by z, which results in jg’ d@ = jé dzOK — @ = O -
In the present case, the torsional deformation of the bar was
approximately along the z-axis, which is indicated byk . It
can be proven that above the given vectorial equation for the
infinitesimal format with the newly formulated argument, it
may be transformed into 0 = (@zIZ) xF —=§, and then may be
evaluated exactly; §=0=0z (kxF)=0z[iy+jx] without
making any approximation, such as the smallness of the
torsion, provided that the torsion angle ® remains constant.
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This torsional deformation causes the generators on the sides
of the bar, which are initially parallel to its axis, to become
circular simple helices in the form r(z)=R{cos, sin, cotf}and
cutting the generators at a constant inclination angle, denoted
by B “torsion angle.” where one has additional parameters,
such as the twist angle =20, and R is the radius of the
circular bar [9].

Now, we have assumed that the torsion angle is very small
but constant; therefore, one can use the heterogeneous small-
strain theory of elasticity [10] for the further development
of the torsional deformation theory using dyadic vector
algebra. One may write the nonion form of the deformation
dyadic exactly from the given displacements in dyad format
Vs = ©{z(ij4 1) - kiy+k]jx} where {f s f(} is an orthonormal
arbitrary set of three vectors, which is the choice of
convenience attached to the circular cross-section of the bar
in such a way thatk k-unit vector acts as a surface normal
vector of the clamped bottom end of the bar. We can easily
form the self-conjugate ® =1/ 2(V§ + §V) and anti-self-
conjugate parts ¥ =1/2 (V§ - §V) of the strain dyadic. Where
D=1/2 (V§ + §V) is the small-displacement vector field. They
may be clearly represented by the matrix or nonion format
because the components are explicitly given through the
displacement functions.

0 0 -0y 0 20z Oy
o=1/2| 0 0 Ox |,w=1/2[-20z 0 -0Ox| (1)
-@y Ox 0 -Qy OXx 0

Where the first dyadic corresponds to so-called strain
tensor, which is symmetric and can be proven [10] that it
satisfies the compatibility conditions for the uniqueness of
the static elastic equilibrium solutions, Vx®xV =0[10,11].
The second dyadic corresponds to a skew-symmetric part
of the deformation dyadic called the anti-self-conjugate. One
can show that This skew-symmetric dyadic may be written as
Y =-1/21 x(Vx §),Which implies thatthereisavortex motion
represented by the angular rotation vector @ =1/2V x5 =[1/2
curl § ] whose circular measure is mod W . Here, the rotation
is represented by di =-&xdr for a small displacement in
the vicinity of the origin. Here, I is an idempotent or unit
dyadic, which has a nonion form| = ii+jj+kk. Because
all the components are shear in character, the connection
between the deformation and stress dyadic for an isotropic
elastic solid involves only a single scalar constant, which is
the shear modulus of elasticity or modulus of rigidity denoted
by G [2]. Therefore, we can perform all operations using the
deformation tensor symbolically, and at the end multiplied
by G as shown in Figure 1 explicitly, we obtain the results
in terms of torque or force with proper dimensions. In our
formulations, we only use two static mechanical equilibrium
conditions for a rigid body because the strain tensor already
satisfies the compatibility conditions necessary for the
uniqueness of the elastic solutions, which are the global force
and torque balance equations, [11] respectively, are given by:
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dM = X0 G r t,dA
dM = GOr2k dA

dA =rdfdr

Figure 1: Shows the vectorial geometric connections employed in the computation
of the global force f,=6 IA<.(<D+LF) and torque terms dM =G @(F)x(?.(¢+‘{’) associated
with the self and anti-self-conjugate deformation tensors for circular cross-sections
of cylindrical bar. Note: G shear modulus and it should be included in the force and
torque formulas.

Glng KA(® +W)dA+ Gfyay 1D +¥)dS + [pFdV + Frp ey =0
Force (2)

And

Gling Fx(K.(@ + %)) dA+ Gy (F2K)x(¢.(@ + %)) dS +jo 1y x FAV + M g = 0.

Torque (3)

Here, dA = r d6 dr and dS = a dO dz are infinitesimal areas
selected for the integration procedures, associated with
the top free-end cross sections and side walls of the bar,
are demonstrated clearly in Figures 1,2 using blue and red
crossed-hatchet areas. In the global upper free- end torque M
expression as illustrated in Figure 1a, the radius of the bar is
givenbya; r =(ix+ jy)is the polar coordinate of the variable
point on the cross-section, and z is the distance of the cross-
section from the bottom clamp end of the bar. (f; = F+2K) is
the position vector of any point in the body of the bar, as well
as on the sidewall surfaces of a circular cylindrical bar.

These expressions include not only the surface tractions
(forces and moments), but also the body forces denoted by
pF . For the torque calculations associated with the side-wall
forces in a given cross-section, the bottom end is taken as the
reference plane and its centroid as the origin. In the present
case, we have no body forces because, as usual, gravitational,
electrostatic, or magnetic fields are omitted following practice,
but we have implicit forces and moments owing to rigidly
holding the bottom end of the bar. These constraints can be
easily evaluated by computing the other terms in the above
equations explicitly and directly from known deformation
tensor components. As we will show, the total force arising
from the deformation tensor is zero, and the value of the total
torque is independent of the choice of origin [12] means that
we can take the centroid of each cross-section as an origin, and
the position vector may be denoted by radial vector. Traction

forcesshouldbeappliedtothefreeC-end F;I]d , FI;I;d ,(Figure1)
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and the side walls FV‘\;;II' Fvg)all' (Figure 2) to balance the

forces arising from the self- and anti-self-conjugate parts of
the deformation dyadic, which can be calculated as follows:

F;d :GJIA(.‘PdA:I/ZGG)I(jxf iy)da=1/2G6K x fda=o0 (4)
And
Fg;d =GK®dA=1/2GO[(jx-iy)dA=1/2GOK x fdA=0 (5)

The traction surface forces acting on the free end of the
bar drop out because the first areal moment of a circular
cross-section with respect to the center of gravity becomes
zero because of symmetry. One obtains a zero contribution
for the sidewall if one uses the self-conjugate part,
because - ® = 0 [11]. However, the shear-type traction force
density acting on the side walls along the tangent
directionf =k xf of the circumferences is given by
W =—1/2F-(Ix(Vxs))=-1/2F x(Vxs))=(@zK x )= ©zf . This is
owing to the anti-self-conjugate part of the deformation
dyadic, and it is nonvanishing locally (G)zf = Ozk x F = O),
but its integrated sum becomes equal to zero because of the
inversion symmetry: (Figure 2a,b).

v N a _ ~
Fyall = Gf ¥ dS = —1/2G #x(Vxs)adodz = @a [ 2dz [§7 do=0 (6)

Therefore, the sum of the forces acting on the bar, whether
they belong to the cross-sections or side walls, in the absence
of body forces is identically equal to zero, which means that
we can choose any point in the bar as an origin as shown in
Figure 2a to calculate the torque terms [12].

We can choose the center of the constrained-bottom-end
cross-section as a natural pivot point for the torque calculation,
where the torsional displacements become zero. This choice
is not completely arbitrary, but depends on the boundary

dM(z):GxFX(Bzfr,)adedz s

M(z) = nGOa’z? )

-

fw

dS=adf dz

Figure 2: Shows the vectorial geometric connections employed in the computation
of the global torque term dM (z) =G (¥ +zk)x(k.¥)ds associated with the force
fw =G (F.¥) due to the anti-self-conjugate deformation tensor for side-wall surfaces.
Shear modulus G is included in the torque dM ((z) formula.
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conditions applied to the ends. If one chooses both ends to be
free of surface traction forces and moments as counteracting
sets, then one must choose the mid-plane of the bar or helical
conformation as a natural reference system. Using Figure
1a,b the torque balance may be calculated in a similar manner
in the absence of body forces as follows: Here, the position
vector of the integration point is given with respect to the
bottom clamp end of the b: r (origin) (Figure 1a), and may

be denoted by{?o =zk + F} "Then, the contributions to the
torque; M gnd =Gj(r+z k) x(f{.\l’) dA from the first [zk ] and

second terms are follows:
2k x(k¥)dA =-1/2G[zkx(@ri)rdrd0 =1/6GOz a [fd0 = 0
ME | =GJrx(kW)dA=-1/2Gefr x(rt)rdrds
=1/2GOk[r’drdg = zGoa'k / 4 (7N
And
2k (KO )dA ==1/2G 2k x(E rfdrdé =1/6 GEz a’ [fde =0
My, =GJr x (ko)A =1/ 266 x(rt|rdrdo
=1/2GOk[r'drd = 7 GO[r'dr = Goa'k / 4 (8)

The total torque acting on the free end of the bar is the sum
of the above findings: M = zGea“k /2 . This figure is exactly
equal to the one was obtained by Landau and Lifshitz [5] for
circular rod, and zGa* /2 was by then called as ““the torsional
rigidity,” and where J=za*/2 is the polar moment of inertia
of the section when the section is circular [11]. Similarly, the
same result can be deduced from the formula obtained for the
elliptical cross-section by Timoshenko and Goodies and Fung
[2,11], M, =Gora’h? (az +b2), using the stress function, which
was first introduced by Prandtl [4].

These rigorously obtained results prove that the self-
and anti-self- conjugate parts of the deformation tensors
produce exactly the same torques for pure torsion applied
to a circular bar, the summation of which is identical to
that reported by Timoshenko and Goodier [4] and Landau
and Lifshitz [5]. Including Saint-Venant [13,14], they all
missed a very important contribution to the torque from
the sidewall surfaces through the anti-self-conjugate part of
the deformation tensor, which also reveals [Figure 2a,b] the
importance of the nonvanishing shear force field ozt acting
on the sidewalls along the circumference tangent vector
directions, t. This creates an extra-integrated torque term,
which is directed along the z-axis and has a magnitude that
depends quadratically on the distance L? the cross-section
away from the constrained bottom clamped end of the bar, as
follows: [Figure 2a,b].

M}, (2)=G[(r+zk)x(rv)ds=G[(r+zk)«(ezt)ds,

And
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Myt (2) = G [ (F)x (@2 Dadodz + Gj(z IZ)x((az t)adédz, 9)
i) Gt x(021) a’dodz =nG @22k

ii) Gf(zk)x(@zadodz = —1/3G@az3j:”F d6=0

My, (2)=220Ga*k|; zdz = 7Goa’z*k - My, (2) = zGoa’Lk  (10)

Where L denotes the full height of the bar along the
z-axis. This expression clearly shows that a new torque term
is produced because of the circumferential shear forces

(@z f) acting on the cylindrical sidewall, which is directed
parallel to the normal vector of the free-end surface of the
bar, and the intensity of its action on the circumference of a
given cross-section along the bar increases monotonically
with the distance from the constrained bottom end of the
bar. According to the statement made by Saint-Venant [1]
and A. E. H. Love [15], which is also stated as “the principle
of equivalence of statically equipollent systems of load’ by
Young [16]. This should be balanced by the externally applied
torque My (L) at the free end, in addition to the other torque
terms M;; calculated above. The ratio of the torque terms
My LY/ (M}, +Mp )=2L"[a*>>1 is much greater than that
calculated by those who neglect the circumferential shear
stresses acting on the sidewall of the cylindrical bar. This extra
torque term should be applied to the free end of the bar to
maintain torsional deformation of the static equilibrium state
of the bar. The authors working on the same torsion problem
from the beginning chose to work with the strain tensor using
a cylindrical coordinate system, where the compatibility
requirements were put into the proper format by Lamb and
Clapeyron [17].

Torque in helical conformation

All our findings, with the exception of the torque term
associated with the side wall, can be immediately adapted
for a simple helical bar with circular cross sections with the
transformation of the three-pot vector set attached to the
cross section of the bar {f,],R} to the circular cross section of
the helical conformation, making use of its geometric identity,
{ﬁ,ﬁ,f} - While we are doing this, we have a right-handed helix
in our mind. Namely; k=t that is the replacement of the
surface normal of bar with the tangent vector of the helix,
which is now becomes the surface normal of the circular cross
section of the helical bar that is assumed to be doesn’t show
any warping. We can also define the plane of the circular cross-
section of the helix as t=nxb, where B:}' is the binormal,
and n= -i is the principal normal vector of the helix, which
forms the mid-meridian of the helical bar. The rate of change
in the orientation of the binormal vector with respect to the
arc length db/ds-2n is called the torsion of the helix. where
A=0 is the torsion, which is an invariant quantity defined
as 2=(1/R)sinpgcosp for the simple helix. Here, f is the angle
between the generator of the circular cylinder and the tangent
vector of the helix and is assumed to be constant. Similarly, the
curvature k is defined as dt/d¢ =«n, which is the rate of change
in the orientation of tangent vector t with respect to the arc
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length d¢; dw/dl= tx, where the sign is arbitrarily assigned to
the concave and convex surfaces. where dw is the infinitesimal
angular difference between two successive tangent vectors
along arc length d. This is also an invariant quantity for a
simple circular helix and is given by x=(1/R)sin’8 [9]-

It can be seen that the plane of the circular cross section of
the helical conformation of the circular ring rotates around the
surface normal, which s called the principal normal designated
by vector n. Target and binormal vectors vary concurrently
along the curve because n= (Bxf) . After differentiating this
vector connection, the following relationship is obtained:
dn=d (Bxf):def+5><df:(/16—z<f)df . The projection of
di over the binormal can be expressed asdn-bb=Abd¢
. The simultaneous actions of this infinitesimal projection
vector in collaboration with the definition of db=-ind¢ on
the (f ,Nand 6) orthonormal axis set, respectively, results
an infinitesimal clock wise rotation of the cross-section of
helical conformation around the tangent vector t , which may
designated bydp=11d¢=60=dgp/d¢=it. where the ¢ vector
also describes the rate of twist of the oscillatory plane per unit
arc length, the magnitude of which is given by Mode=4 .

This presentation shows that for a helical conformation,
one may take geometric torsion parameter A of the simple
helix as the ““torsion "of the curve “denoted by 1, and defined
as the rate of rotation of the twist angle ¢ per unit length of the
rod or ring. This means that two neighboring cross sections at
distance d will rotate through a relative angle dp=1d¢ [so
that A=dg/d?]. For helical conformations, this means that
the infinitesimal relative orientation difference dy of two
successive cross sections, separated by the infinitesimal arc
length denoted by d may be designated by dg=Atd . where
t is the unit tangent vector of the helix, which is also the
surface normal vector of the cross-sections of the twisted
“circular ring sector” employed by Timoshenko and Goodier
in their monumental work [4]. The following expression also
rigorously proves that the vector product operation by ¢
on an arbitrary unit vector r at the cross-section of the ring
creates an infinitesimal displacement, which is perpendicular
to the direction of the position vector in that plane, and the
rotation is clockwise.

Soxt = Md¢x—ncos@+bsin@=Ad¢—bcosd—nsind. (1D

where r is the unit vector in our formulation, and the
parameter dg/d—=21 isused extensively, which is designated
by a parameter Q in the literature, called the torsion angle
by Landau and Lifshitz [5], which is misleading. Rather, it
should be called the rate of variation of the torsion angle ¢
with respect to length ¢, which is perfectly correct. The total
contributions from the screw and the self-conjugate parts of
the deformation tensor, with the exception of the sidewalls,
are oriented along the surface normal of the circular cross-
section designated by the tangent vector for the simple helical
conformation, and it becomes.
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t = kcosp+4h x Rsinp

Figure 3: Decomposition of the side-wall torque of simple circular helix shown by
red color line along the z-axis of the circular-cylindrical ring and the radial directions
such as the principal normal fi, tangent of the local cross-section'p and I, which is
attached to the bottom clamp end of the ring.

MEP () =ME, + M2, =2Ga‘t/2 (12)

Figure 3 shows one way to decompose the tangent vector
of helix t is to take its projection over the directions of k
and kxR directions, such as t=k cos #+kxR sin 5. Where
R=icoso+jsing is the unit radius vector of the helix in the
circular cross sections projected at the basal plane, which is
opposite in direction compared to the unit principal normal
of the helix, n=-R.In Figure 3 {ﬁ,,f pR} forms an orthonormal
set of vectors, and the last two vectors defines a plane, which is
tangent to the circular cylinder and holds the local generator
as well as the tangent vector of the circular helix denoted by
t. Here, kxRsing = exp (- i 0) sinp is the projection of the
tangent vector of the helix over the tangent vector of the
circular cross-section.

This vector is defined by the local radial direction with a
1t/2 degrees shift in the anticlockwise direction and i=+-1.
The first term constitutes the projection of the torque along
the fixed k direction, namely, the z-axis of the cylinder, and the
second component may lie in the basal plane and is oriented
perpendicular to the principal normaln=-R of the helix. This
clearly shows that the torque causes a precession motion
following changes in the azimuthal angle 8 along the helical
backbone structure. Here, the apex angle is 8 = arcs (t-k ), and

after that substitution, this expression in the torque equation

Y+
M End

MZ"J;’(H):UZ;:G/M‘*E =1/2 zGla* l%cos/hfwﬁsinﬂ

(,g) , be written as the following set of relationships:
(13)
And

M Eln?j(g) —1/22Gia%*t=1/2 7Gia? kcos B+tpsingvkip=0

Where C=GAirza*/2 is called the “torsional rigidity’ ‘ by
Landau and Lifshitz [5] for a circular cross section with a
moment of inertia denoted as I=za*/2. Here, a is the radius
of the circular ring model of the helix, which is about a few
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fractions of an Angstroms for the alpha -peptide [3]. This
torque contribution also depends on the azimuthal angle
variations along the helix owing to R(¢), where the tangent
vector describes a rotation around the z-axis with a constant
apex angle denoted as B. where i=v-1 is an imaginary unit
number. « . R
&cos,b’k+sinﬁ'(]cos€—lsin€)
= cos Bk +sin Bexp(-if)
=cos Bk +sin st p)

Mg P 0)=1/27Gaa" (14)

Here, kxR=(Jcos0~ising)may be written in the complex
space, which clearly shows the 90° anti-clockwise rotation
of the R clearly, namely, kxR =exp(-i#)=ip, where R
is the radial position vector in the cylindrical coordinate
system {zk,R,6}, and (k.R)=0, t, is the unit tangent vector
of the circular cross-section, and normal to the k and R unit
vectors. The last expression above clearly shows that the
radial component of the torque is directed along the tangent
vector t, of the circular cross-section of the circular cylinder
having an azimuthal angle of 6, :(0+%j, and its magnitude
‘M ?*‘D‘ ~1/27GAa%sin B is constant along the helix.

The right-handed rectangular coordinate system (i.e., anti-
clockwise) is considered to attack the cross-section of the
bottom end of the bar for the vector cross-product operations
of {1, ],k }. The sidewall formulation of the helical bar involved
refinement of the adaptation procedure. Expressions such
as j' k zdz, which appear in the integration procedure of
the sidewall torque, should be replaced by fot d¢. Then,
the torque associated with the sidewall may be written as
M;Va,,():znGﬂaz_[ofd for the sidewalls of the circular cross-
sections of the helix. One may rewrite in terms of vectorial
properties of helical conformation given in reference [9], such
as the unit tangent vector t in Cartesian coordinates using /3
inclination angle, which is constant, and the azimuthal angle
8, as follows: t=cos gk +sin fexp(-if) which clearly show the
rotation and precession motions. The length of helix and the
azimuthal rotation angle 6 are not independent variables and
have the following relationship: R 8 sin f, Similarly, for the
pitch height p = cos fwhere R is the radius of the helix.

m Y

Wy (00)=27G 2 {1 12Re2 cos B+ sin Bl d exp(—ié’)}

=27Gla? {1 /2ke2cos -+ R2 csec (500 exp(—ie)} (15)

It is not obvious that the angular expression between
brackets is a periodic function of 2, m even though the principal
normal makes a full cycle when 6 varies from zero to 2.
This is because the normalized amplitude of the precession
motion, denoted by R’cscp¢ increases monotonically with
an increase in the azimuthal angle towards the free end. It
takes the following value: M; (L), for the global moment
balance, and L is the total length of the helical conformation.
Here, we use the following transformation of variables while
maintaining the geometric description of a simple helix:
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/=0Rcsec f=>dl=Rcsec $d0. where the first relationship
connects the arc length of the helix with the azimuth angle
0 in the cylindrical coordinate system, which varies from 0
to 2m for each full turn of the helical line around invariant
axis k. This gives the full arc length of the helix for n turns
as hp=2znRcsecf and the full pitch height for n turns as
h,=2znRctang. As (0 ) is a periodic function of 2, it can be
expressed as (0 ) = ORcsecf. By substituting the decomposed
form of the tangent vector of the helix into Egs. (15), the
following expression is obtained: Eq.(16) in terms of a three-
pot orthonormal set of unit vectors {i,],l?} attached to the
basal plane, before and after the integration procedure of
the second term, we use the connections between the arc
length and azimuthal angle for the helix obtained from the last
expression for the torque term associated with the screw part
of the deformation tensor.

MVL\I/laII (6,0)= AGaZ {cos Blokds+sin Bl rdexp(-id) } (16)
—7AGaZ {l /2 I2cos,6’£2 + chsecﬂ jg(] cos@—lsin 0)6‘dt9}
]00549+ ] osind ) — ]
M., (0) = 7AGa’Rcsecf{1/2k Fctanf+1 R
+(i 6coso-isin o)
In Figure 4 the radial component R(6+7/2)k x M wall ©

of the torque according to the formula given by the second
term in Eq.(17), is plotted, which rotates around the z-axis
of the helical conformation and draws a spiral path, while
its azimuthal angle 8 changes 0<6<¢, continuously along
the helix. The precession angle of the torque ¢ may be
obtained from the following expression. where one has; tan
9=R(0)/ k. M;au(ﬁ).

2(cos0—1+0sin 0)2 + (O cos O —sin §)2Y/2

9=atan 5 (18)
O“ctanf
Spiral Precession of Torque
90
120 60
150 30
R(6) 180 0

210 330

270

]

Figure 4: The radial component of the torque R(6) according to the formula given
by the second term in Eq. 17, rotates around the z-axis [kA] of helical conformation,
and draws a spiral path while its azimuthal angle changing as 0 < 6 < 6 continuously
along the helix.
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In Figure 5 the precession angle 9 between the torque and
z-axis obtained from screw symmetric part of the deformation
tensor is plotted with respect to the azimuthal angle (6/2m)
for the first four full cycle around the z-axis of the helix for two
different tangent inclination angles  (or two different pitch
heights: h1=2nR x 173, h2=2Rx0.325) namely f1=m/6 (red)
and $2=72° (blue). This plot clearly shows that the precession
angle of the torque initially starts with the inclination angle
of the tangent of the helix with respect to the generators
designated as B and then decreases continuously with the
azimuthal angle 6.

Particularly during the first cycle, it shows a drastic
decrease in the inclination angle, even though its projection
on the basal plane increases almost linearly with some
imposed periodic oscillations with a wavelength equal to 2m.
Atamultiple of 2m of the azimuthal angle, there are plateaus in
the amplitude variations, which indicate that these are quasi-
nonequilibrium stationary states for precession motion. After
a few more cycles, the direction of the torque asymptotically
approached the orientation of the z-axis, regardless of its
initial direction.

This off-diagonal part of the torque has such variations in
the direction thatittries not only to suppress the pitch height of
the initial few cycles, but also applies a large twist moment on
the first ring to perform a 1800 °rotation around the principal
normal n.This effect increased as the initial inclination angle
increased (small pitch height). The oscillatory behavior of the
amplitude variations can be seen clearly in Figure 6. (aqua),
where the inclination angle of the torque and magnitude of the
basal component are plotted using Eq. (16) with respect to the
azimuthal angles by considering = 30°(red) and 72°, (blue),

Precession of Torque

Precession =

(7]

Apex Angle Variations
Precession Amplitude Oscilations

Azimuthal Angle_ol‘ Helix in:Cyclc

Figure 5: Cyclic precession motion of the torque ¢ is presented with respect
to the azimuthal angle of helix as calculated from Eq. 18 (red and blue lines). The
torque asymptotically adjusting itself parallel to the z-axis of helix, while apex angle
decreasing to zero asymptotically. The precession amplitude also shows a periodic
oscillation with an interval of 2.
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respectively. These are also invariant angles between the
tangent vector and generators of the helix. Close inspection of
the amplitude plot shows oscillations with a periodicity equal
to 2m.

During the first cycle of precession motion of the torque,
as described by Eq. (17), exerts a torsion moment over the
oscillation plane through its off-diagonal component oriented
along the principal normal of the helix, forcing it to rotate
clockwise. This is an interesting finding that clearly shows the
importance of the constrained end in stabilizing the torque.
This could be used as a mimic in practice by placing rather
heavy and/or highly rigid molecular cis-isomer constituents
at the end of the steroid skeleton six-ring [18] chain to
increase its local torsional moment on the A-ring side because
of its additive character in the alignment with two other
components of torque deduced directly from the self- and
anti-self-conjugate part of the deformation tensor.

In Figure 6 the normalized projected torque oriented along
the surface normal of the circular cross-sections using Eq.
17 are plotted, where ziGa> is employed as a normalization
factor that arises from the sidewall shear stress fields of
helical conformations. Variations in the apex angles were
also plotted to demonstrate their behavior. Two different 8
apex angles were selected namely; 72° (blue) and 30° (red).
An increase in the beta angle or pitch angle does not change
the upper limit of the critical range, which is approximately
120° but enhances its effect by increasing the intensity of the
temporal -twist moment on the oscillatory plane of the first
ring and moves in both directions by applying the same right-
hand twisting.

For a helical bar, the expression in Eq.17 can be also
written in terms of the arc length instead of, 8 which is also a
function of the arc length:

m Y

Wy (01)=27G 222 {1/2R2cosﬂ+ sin 8o d exp(—ia)}

~ 272G a2 {1/2R2cosﬂ+ Rcsecjof d(0)( (] cose—isine))}
M\ﬁa” (I):n'Gﬂ.az{ 122cos,8+2R —[(ﬁ+ ResecS TP — ] Resec ﬂ}} (19)

As illustrated in Figure 6 , fp=KkxR :—(isine—]cose) is
the unit vector, which is the tangent of the circular cross-
section of the helix and designates not only the direction of the
precession motion of the torque term but also its amplitude
dependence on B. n=-R is the principal normal vector of the
helix, which is directed towards the axis of the cylinder and is
perpendicular to both tangents { t,,t } and binomial, denoted
by b=-nxt. The first term in the above equation shows that
the torque causes not only a simple rotation about the z-axis
but also that its amplitude along the z-axis grows steadily
with the quadratic function of length, while its precession
amplitude increases linearly with the azimuthal angle. The
latter motion follows a spiral path, as illustrated in Figure 4.
where the genuine torsion associated with the helix is defined
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Precession of Torque

Angle

Angle ’ ~7 o
”

Apex Angle Variations
Torque and 10X Percession Amplitude Variations

Azimuthal Angle of Helix in Cycle

Figure 6: The apex angles 3 and precession amplitudes of torque are plotted for two
different apex angles = 30° (red) and 72° (blue). The projections of torque along the
z-axis are given by red and blue dash-dots-lines, respectively. These show that the
amplitude for the small angle grows much faster than the large one. The precession
amplitude oscillations show periodic temporal stationary states at the integer n
multiple values of 2.

as db/d¢-2n .Here, A measures the arc length rate of turning
of the binormal unit vector b, similar to curvature k¥, which is
also a scalar quantity that measures the arc rate of the turning
tangent vector t .

The torsional torque of a bar with a circular cross section
is an invariant quantity because the rate of torsion per unit
length is constant along the bar. This means that it does not
change from one end to another. However, the torsional
displacement measured by the cumulative twist angle varies
linearly along the bar, which is given by @r =0=(A.0ne may
write the following relationship, that can be obtained from
Egs. (7, 8) for the rate of change in the torsional torque of the
helix by replacing the k vector with the tangent vector t of
the helix, where t varies with the arc length or azimuth angle
0:

¥ o _1 4p 1 Az P D
(MEnd+MEnd)—57rGﬂa k:>§;z'(3/?.a M i M)
&K cos f+KkxRsin g
1 4 & (20)
=5 GAal

&:ﬁcosﬂ+fp sin 2

Where the first term stays constant having directed along
the z-axis of the helix, but the second term which makes
rotation around the cylinder axis k by sweeping a perfect
cycle having a radius equal to sinf3 as can be seen from the
explicit expression: ip=—kan=—(isind-jcosd) dictates
direction of the rotation of the principal normal denoted by
n=-R around the z-axis.

Pure bending adapted for circular helix

The pure bending and twisting of a circular ring sector have
been extensively treated by Goéhner [19] in various studies
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using the classical theory of elasticity. Later, his unabridged
results were carried by others into their books, namely by
Timoshenko and Goodies [2], who communicated with him by
letters. Gohner approach to the problem of pure torsion as well
as to the bending was to find a set of successive approximation
for the stress functions, which were supposed to be satisfying
not only Airy differential equation in 2D space deduced from
the axially symmetrical stress distribution problems, [20] but
also the compatibility requirements. Original set of equations
were given in the cylindrical coordinate system, which were
obtained by Lame’ and Clapeyron [17] (1831) using the force
equilibrium equation v-Q+pF=0, in the absence of the body
force F = 0. Where, Q is the stress dyadic, which is assumed
self-conjugate tensor, and then the strain tensor counterpart
supposed to satisfy the compatibility connection given by V x
@ x V=0. Therefore, from the beginning of his attempt to solve
this problem by successive approximations, he completely
lost the critical component of the torque originating from the
non-vanishing circumference shear force field at the sidewalls,
which was assumed to be zero or negligibly small to affect the
results of the solution as a part of the boundary conditions.
In fact, in the absence of the anti-self-conjugate part of the
deformation, he would not have any change to discover the
existence of the unusual term critical component. In fact, it
is dangerous to start solving the elastic problems from the
opposite direction, namely, setting a boundary value problem
to find the stress and strain distribution functions relying on
the ill-defined fact that the strain function would be unique if
they satisfy the compatibility set. However, this satisfaction
does not guarantee that anti self-conjugate part vanishes.
Owing to the rotational character of the anti-self- conjugate
dyadic (its divergence vanishes), it satisfies compatibility
[10,11].
VsS=0—1/21x(Vx8)=Vx®=-2"1(Vx(Vxs)=VxD=

27V v-v2s= 213V 5 vxdxV=-3/2VxV=0. (21)

Gohner argued that if two equal and opposite couples’ M
are applied at the ends of a circular ring center in the plane of
the center line of the ring, they produce strain symmetrically
with respect to the z-axis, and the shearing stresses ¢, and

r,, in the meridional cross-sections of the ring are zero. The

0z
remaining four stress components, {s,,0,,0,,7,,} must satisfy
the equations of equilibrium for the case of symmetrical
strain. The first approximation yields a solution, where all
those three components {s,,0,,7,}=0, out of four become
zero with the exception of the uniaxial stress acting along
longitudinal direction of the circular ring, as we denoted by
unit vector t; o,=-cExt, where c= 4M, [ za*E , E is the Young
modulus of elasticity, and a is the radius of the circular cross
section, X is distance of the point from the center, I =7a*/4
is the second moment of inertia with respect to the center of
mass system (c. m.). Where by definition cis the rate of change
in the orientation of tangent vector t with respect arc length,
c=da/d¢= « . This is the definition of curvature, which may be

designated as x=1/Rsin* for a simple helix. Then one writes
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M, =1/4 za*ER"sin’f=«EI . Similarly, the Helmholtz free
energy for a pure bending deformation, m.

The node of a simple helical conformation can be written as
F,=1/2M,x=1/2EIx*=1/2 E(za* | 4)R?sin*B (erg/cm). A close
inspection of beam vibration theory [11] shows that the
SED for small deflections involves the term (ay/ 0x2)2 in the
integrand of U:J'OEI (azy/ 6x2)2 dx, which is the square of the
curvature of the 2D curve as a first-order approximation
of x=ly'l |(1+y'2)3/2‘. In fact, one can calculate the torque
associated with the stress distribution by M, = .[:EU xrdA , and
then write.

&ftxror
Mo(0) = —~E[*3x| &jx—iy |dA= +KE(7ra /4)] (ﬂa /4)b
MG(H):—KE(ﬁ )ksmﬁ+cosﬁ(fsm9—]cos€) (22)
m@(ﬁ):ﬂ(E(ﬂ )[ksmﬁJrcosﬂexp[ (— BJH

In the last expression, we employed the complex notation
for the rotation operation, where j axis is replaced by the
imaginary axis denoted by i=+1. The expression in Eq.
22 shows that the direction of the torque designated by j
corresponds -b, which can be deduced from the followmg
connection for the right-handed helix: J=—txi=-txn=-b.
The second and third lines in Eq.22 shows that the bending
torque causes a rotation around the z-axis of the helix with
an apex angle given by »=atancotang=(z/2- ), which is 90°
off the initial precession motion of the torque associated with
the screw symmetric deformation tensor, as well as from the
torsional torque terms acting on the free end.

Mechanical stability of helical conformations a-peptide

In the first part of this section, the electromechanical
stability of the strained helical confirmations is treated
under isothermal isochoric and isobaric conditions. A special
reference for the application of this theory to the a-peptide
structure of amino acid complexes is provided by employing
two different irreversible thermodynamics methods
according to the imposed constraints on the free variables to
obtain a simple and manageable mathematical model. In our
subsequent papers [21,22] on the spontaneous unfolding of
helical conformations, we introduce a more general relaxation
approach using the Lagrangian multiplier method to solve the
extremum problem. While dealing with the electromechanical
stability of this highly complex and discrete atomic skeleton
of peptides, we are still insisting on remaining in the domain
of the continuum approach. The most important outcome of
the present naive thermodynamic approach to the stability
problem is the unique role of the interfacial Helmholtz free
energy of the boundary layers enclosing and separating the
peptide skeleton from its immediate internal and external
aqueous solution environments, which may be characterized
by a single electrochemical quantity, that is, the pH level
[3]. As far as the critical or non-equilibrium stationary
stable arc length of the alpha-helical conformation is
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concerned, for isochoric isothermal systems, there is only one
physicochemical parameter that plays a major role, which is
the ratio of the surface (interface) Helmholtz free energy and
the shear modulus of elasticity, namely, f,/ G.

The precession apex angle of the torsional torque obtained
from the skew part of the deformation tensor is initially
equal to the inclination angle of the tangent of the helix but
then continuously decreases with the azimuthal angle. The
recession component of the unusual torque term, which
is oriented parallel but opposite direction to the principal
normal of the helix in the basal plane, it is the only component
of the among the torsional torque terms may allow the
incoming "A’ ring to rotate around the principal normal of
the helix to match the oscillation plane of the "B’ unit for the
easy formation of cis-fusion bonding. The strength of this
component was minimal at the N-terminus of the first amino
acid residue and then increased gradually. The strength of this
component according to Eq. 17. and Figure 7. depend on csec
B, implying that a smaller apex angle f is the intensity of the
torque term.

The apex angle during the first cycle shows a factor of two
reductions, which indicates that the effects of the constraint
at the clamp end (N-terminal) of the helix are important for
stabilizing the entire system. In addition to the torsional
torques, the bending torque exists, which is aligned along the
binormal axis of the helix, and has the capacity to turn not only
the circular cross section but also the oscillatory plane, and
then force the B ring to match the coming A ring to form a
cis-fusion.

This point may be used as a mimic by placing heavy weight
or stiff molecular side attachments similar to the N-edge to
stabilize the initial steroid skeleton group, which also helps
the incoming A ring to have the required 1800 twisting to
form cis-fusion with the B ring, as shown in Figure 7a. This
twisting can be achieved by the temporal torsional torque
spiraling around the z-axis of the helical conformation, which
is represented by the second term in Eq. (17), which is as
follows:

MEP —27Gla

Wall { R—n+RcsecftP -] Rcsecﬂ}

M FRad ) 226G 1a’R%csecss{ (07+3)-iP).

Wall (23)

b) g

Figure 7: A typical Cis-Trans and Trans fusion sequence is demonstrated for B-
Steroid skeleton structure. One needs 180° rotations of A-ring to be attached to the
B-ring in order to form Cis-fusion bond. This is a very large twisting, which can only
take place in nature either by the presence of highly localized thermal fluctuations or
during the growth stage of the individual blocks.
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This torque acts in a direction opposite to the principal
normal n, and forces the twist of the oscillation plane in the
anti-clockwise direction for the right-handed helix. At the
free end of helical conformations, where the torque terms
arising from the torsion as well as from the bending should be
balanced by the applied surface tractions and moments for the
mechanical stability of the structure. However, in biochemical
systems, such as folded peptides, it does not appear that their
free edges sometimes experience any external moments by
external agents for mechanical stability explicitly. It has been
claimed that this task is accomplished at the C-ends of helical
peptides by non-vanishing electrostatic counteracting forces.
We show that this task can be accomplished spontaneously
either by adjusting the surface Helmholtz free energy or by
the presence of an excess pair of anti-align dipoles in the
system under isochoric isothermal conditions.

It is also possible that without those edges being explode
to external moments, the whole system might still be balanced
mechanically either through the side-branching of residues,
which connect the inner faces of the walls of the helical
skeleton, or the whole system is in a viscoelastic state from
the beginning and has very long relaxation times. In any
case, the stored Helmholtz bulk free energy due to torsional
deformation is given by the following expression, assuming
that the system is isochoric and that all conceivable processes
are isothermal:

Vs:Vs=
vET —[f.dv=1g sz + av
Mech (1) =IfrdV =3 Iz®2(xz+y2)
-Go? {na4£ 12+ 47za2z3/3} (erg) (24)
020z
It should be noted that only the minor {—2@2 O} in the

skew part of the deformation tensor contribute to the
stored Helmholtz free energy in the bulk, which is given by

%dov {8@222} = {G®247ra2£3/3} . The other off-diagonal terms

in the deformation tensor after the double inner product
operation may be summed as 20°(x*+y*)=207r*, which
involves the moment of inertia with respect to c.m. and the
first term in Eq. (24). This may be neglected because it is a
few orders of magnitude smaller than the contribution of the
second term to torsional energy in a nanoscale environment.

Irreversible thermokinetics of helical conformation

Global Helmholtz free energy also involves a surface
Helmholtz free energy that may be given by for the circular
cross section helical form: VF;- (Z)Zﬁajfsd=2nafs ¢ . Where
/, is the specific Helmholtz surface free energy, which should
be replaced by the interfacial energy if the system in the
interactive environments such as the aqua electrolytic
solutions. In general, this quantity is positive in the absence
of electrostatic and magnetic fields. However, in the case of
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deformed solids under isochoric conditions, the whole body
is in a non-equilibrium state because of the existence of the
stored residual elastic strain energy density in the bulk region
as well as at the surface layer. The contribution of the surface
or interfacial Helmholtz free energy to the global Helmholtz
free energy appears to be a negative quantity that assists
stability or avoids unfolding or fragmentation. This is due to
the fact that any enlargement of the surface area regardless
of its cause while keeping the volume invariant, produces
substantial decrease in the elastic stored free energy [6-8]
(strain recovery process) of the body under the isochoric
and isothermal conditions. This in turn causes a decrease
in the global Helmholtz free energy of the system, which
means that it is a spontaneous natural change that pushes
the system towards a non-equilibrium stationary state [6].
That hypothesis may be also justified by the Planck (1887)
criterion [23] for isochoric isothermal changes for the closed
system, which may be then connected to the Prigogine’s
positive definite internal entropy production hypothesis as
a special case: ovS, =-T"6VF; >0V sV=0 , where equal sign for
reversible (equilibrium) processes, and positive sign for the
irreversible or natural processes. Namely:

OVF

o (0)= 0VFg (1) 6VFg (1)<0

And

VFB (f) = V':Chem (V)+ vFMech (z)v ‘WFChem(V) =0 (25)

Which may be put into the following format for the
present case, where the first term represents the bulk term
that involves not only the chemical part VF, (V) butalso the
elastic stored deformation energy VF,, . (/) due to torque
terms associated with pure torsion and bending. Because there
are no composition or volumetric variations for the present
stability problem, the bulk term involves only mechanically
stored energy. The second term is the change in the surface
Helmholtz free energy due to the change in the surface area of
the helical conformations:

Zé‘Slnt/é't:—l/TéVFG /6t=0,

5/,/6t:—y/kT(3A£2—B), (26)

The global Helmholtz free energy

VFG = VFE (Z)—VFS (H)=A 3B optimization with respect to

the length displacements yields the following relationships:
¢*=B/3A)Y2cm , and where VE'=-2/3B(B/3A)" erg/cm,
which corresponds to, respectively, the critical length and the
binding Helmholtz free energy of the helical conformation at
the absolute stable state. The system parameters used in the
above connections are A= 4z [3GA*a> (dyne/cm?) and B = 2zaf,
(erg/cm). By using the following fundamental relationship,
which is valid for the isochoric isothermal changes in closed
systems: ovS: [5t=-1/T6VFE, [ st between the rates of internal

entropy production and the global Helmholtz free energy
changes, respectively, one may obtain a very useful thermo-
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kinetics expression: [24] ovS3 /ot=-1/T 3Af2—325 5t=0
. The connection between the rate change in the Global
Helmholtz free energy and internal entropy production
was further elaborated by Ogurtani [23] for the irreversible
thermodynamic formulation of quantum dot evolution kinetics
in strained solid thin films under isochoric conditions. This
expression may be decomposed according to Onsager’s receipt,
even though it would not be unique, into conjugate fluxes and
forces to obtain a kinematic rate equation for the stability of
the length of the helical conformation: d//dt=—x/kT (3A€2—B) ,
and by substituting the system parameter in their proper
places, d¢/dt=-u/kT (G/1247ra2 ¢22_ /2. This kinetic
equation may be integrated under two different initial
conditions, namely, above and below the stationary state
configuration, that is, ¢ :ZR >/ and Z:ZL<Z*. The analytical
results of the integration are given for the following two
domains [25]:

-y
=t :R*)exp[—2y/kT(G124ﬂa2€*)t}Vsz* 27)

*
. ) (€R+€

]

And
A —()

£*+£

o

(28)

%
=Mexp[—2y/ KT (Gﬂz4ﬂa2£*)t}VE££*
L +€L

Inspection of the above set of equations shows that in
both cases, the length of the helical conformation approaches
asymptotically to the critical length, from top and bottom,
respectively; t>wo=/,=/\ /" and/ =¢/¢". Using the above set of
mathematical connections in Figure 8. two plots are produced
that describe how the irreversible processes associated with
these two non-equilibrium initial configurations of interest
proceed asymptotically.

The third line in Eq. (26) designates Onsager’s relationship
between fluxes and conjugated forces. Where u/kT looks very
similar to the Einstein mobility, and this connection shows
that when the length of helical conformation is less than the
critical length (slope of Global Helmholtz free energy (GHFE)
plot becomes negative) and then the natural isothermal
process takes place, and the length starts to increase towards
the minima in GHFE curve, which is nothing but the non-
equilibrium stationary state according to the definition of
Prigogine [26,27].

Ifthere is some overshooting due to large fluctuations, then
the opposite process takes over, which attempts to reduce
the length of the helix until it reaches the critical length. This
shows that this system, from the classical thermodynamics
point of view, has an absolute stable state, as designated by the
minima in the Global Helmholtz free energy plot. To illustrate
the behavior of the isochoric system, we chose the following
system tentative parameters: f,=B=15 and A=15 to obtain
real numbers for the graphical solutions shown in Figure 9a.

This again shows the stability of the peptide helical
conformation even when f is very close to 82° which means

https://doi.org/10.29328/journal.abse.1001032

Asymptotic Approach to the Stationary State

g T T T T T T

yR:=7

jectories

Left and Right Traj

4 5 6

2 3
MNormalized Time

Figure 8: The asymptotic approaches from the left ¢, = 7 and right £, = 1 sides towards
the stationary state configuration are illustrated by using scaled time t/t and positions
£* =5 in connection with Egs. (27,28) 25 . Where the inverse relaxation time is given
by: < ' - Zf*y/kT(Gi.z‘lzraz)

Isochoric Stabization of Peptide Isobaric Growth of Peptide

1 Fgm .
* Psurface

oltz Free Energy, eV/Molecule

NSurface

Clobal Chbbs Free Energy, eV/Molecule

Global Helmh
|

Helical Arc Length

Helical Arc Length

Figure 9: For the illustration the Global Helmholtz (red) and Gibbs (red) free energies
for the isochoric Figure 9a and isobaric Figure 9b of helical conformation, the fictitious
values of negative and positive surface free energies are employed, respectively. A
= 15 and B= #15. The calculated critical nucleation arc lengths and the extremum
values of the Helmholtz and Gibbs free energy barriers are, respectively, found to be
f, :G(l}.(¢+w) 0"=0.59,0.56 and VFG* = -5.769and VG; = 45772,

that the usual bending torque becomes very close to the
maximum while the usual torsional torque term approaches
zero; however, the main stability comes from the unusual
torsional torque term formulated rigorously in this study, as
demonstrated in Figure 9ab.

For isobaric Figure 9b and isothermal system, we have the
following expression for the Global variation of the Gibbs Free
energy with respect to arc length of a helical conformation:
VGg =-Al3+B = &VG =(-3Ar%+B)5r<0, where A=15 and
g, = B=15 is selected to produce the graphical solution of
the problem, which is presented in Figure 9b. The following
connections were obtained for the critical length /" of the
helical nucleus and the activation energy barrier vG; for the
growth of the helix under constant traction (torques) and
bending moments.

" =(8/3A)V2 and VG =+2/3B(B/3A)V2.
a3 _ 2
VGg =—-A3+BI= 6VG, 7(—3A£ +B)6££0

88, 16t=-1/TsVG, [st>0, Positive Internal

Production (29)

Entropy
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S0/ St=—u/KT (—3M2+B),

The fourth equation in the above set was obtained
by using the spilling technique of the internal entropy
production inequality into conjugate forces and fluxes.
Although this procedure is not unique, it satisfies the invariant
transformation properties of conjugate forces and fluxes, as
mentioned by De Groot [25]. The dynamic equation indicates
that the direction of the change in the length §¢/6t<0 of the
helical conformation is towards small sizes when the slope
of the global Gibbs free energy (GGFE) curve is positive;
otherwise, it is directed towards the growth domain, which is
on the right side of the GGFE peak.

Where one could also introduce the contribution due to the
Helmbholtz free energy due to the pure bending associated with
the helix, which is calculated in the previous section; namely:

VFI\EA; NH1/2 EMbK:UZE Kz(Eﬂ'a4 /4), where ¢ is the arc length

of Helical conformation. Then the total bulk Helmholtz free
energy associated with a helical conformation having circular
cross section may be expressible by the following formula
using our findings in this paper: Where, we have the following
definitions for the system parameters designated above;
A=(47/3)Gi*a®> and B= (27rafs +7/2(262* + Exz)a‘*) =27df; .

Then one has;

47ra2

3 } (30)

In the footnote calculationsd, which are given in , the
shear modulus [28] is assumed to be G=1.0x10'° dyne/cm?
(1GPa), which is estimated from the well-known relationships
{E=v’xp, and G=E/2(1+v)}, where the mean values of the
ultrasonic longitudinal propagation velocity, volumetric
density, and Poisson’s ratio, respectively, are given by v=1.5x
10° cm/sec., p = 0.92 gm/cm?, and v = 0.4 from measurements
of L-alanine amino acid residues performed by Kumar [2]
in an alcohol-water co-solvent at room temperature. The
surface Helmholtz free energy is assumed to be approximately
fs = 800 erg/cm? by observing the close connection between
the unfolding total energy of the a-helix (L = 10 nm) and the
pH (3-8) level of the water-alcohol solution data obtained
experimentally by Idiris, et al. [3] (Ref-20, Figures 5,6.). The
unfolding energy is reported to be approximately 20 eV/
molecule or 2000 k] /mole for the fully stretched conformation
of (Glu)n -Cys at a pH of 8 at room temperature, assuming

vFB

4
Mech(€)+VFTech(€)l/2{EK2 +2612}{”2j+612 43{

M

alf one uses, fs=800 erg/cm?, G=1.0x10" dyne/cm? A= 2.34x10° cm’, and
2a=1.5 A, then one obtains: A=1.29x107 erg/cm, and B=3.77x10° erg/cm.
Then, one finds a critical length of (* = 98.7A from (* = (B/3A)"? and the
critical Helmholtz binding free energy = -2.48x10"erg (-15.5 eV) for the non-
equilibrium stationary state from=-2/3B (B/3A)"? This amounts to 1.409 eV
per amino-acid residue, which should be shared by its four main constituent
atomic species {N, C, C, O} that results - 8.139 Kcal/mole (0.352 eV/atom) for
the helical a-peptide (3.6,, conformation, which is in excellent agreement with
Ackbarow[36]. Who obtained, respectively, 11.1(9.9) and 4.87(3.08) Kcal/mole
from the slow and fast dynamic tests. One order of magnitude decreases in G
value while keeping the fs/G ratio invariant results a factor of ten reductions in
all energetic values without changing the critical length.

https://doi.org/10.29328/journal.abse.1001032
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that the length is 10 nm. This experimentally obtained energy
figure is one order of magnitude larger than the average
effective energy of hydrogen bonds, (E)=-45Kcal/mole (1.95
eV/molecule) for alpha-helix submerged in water, in the
absence of m-helical hydrogen bonds, as reported by Hiltpold,
et al. [29], which relies on extensive molecular dynamics
studies. Here, the unusual torque terms, which is found to be
VEr .=+7.71eV/molecule, where the critical arc length appears

Mech

to be 98.7 A, while the binding Helmholtz free energy becomes
-15.5 eV/moleculeb.

The best matching positions of the calculated stored elastic
energy and global Helmholtz free energy values are marked
by the blue solid circle and red diamond tip, respectively, on
the free energy plots in Figure 10. the stability of the helical
conformation can be explained quantitatively if one takes
the surface Helmholtz free energy term [30] as fs=800 erg/
cm?, and the shear modulus G = 1GPa in this study. Those
quantities produce the following numerics at the non-
equilibrium stationary state; namely: the surface free energy
as VF,=-23.25eV/molecule, which is factor of two greater
than the contribution coming from the stored elastic energy
of 7.71 eV/mol due to unusual torque term in the global
Helmholtz free energy. These large energy values come
from the selected high G and fs values, but in reality, their
experimental observations are closely related to the very ow
pH 3-4 levels of the test environment and their drastic effects
on the interfacial free energy through polar and/or nonpolar
hydrophobic interactions [3].

200 Stored Elastic
Energy

Global Helmholtz
Free Energy

Stored and Global Energies ¢V /Molecule

0 10 20 30
Arc Length nm
Figure 10: For the illustration, the Global Helmholtz Free energy (red) and the Stored

Elastic energy (blue) due to unusual torque tem for the isochoric helical conformation.
The calculated critical arc length and the binding Helmholtz free.

bReported values of the pitch high and diameter of a-helix are, respectively, 5.4A
and 2R=12A in the literature. [29] Those may be used to calculate the inclination
angle as $=81.84°, and the total length of helix 1164, and the arc length of a
single ring as 38.06 A, respectively. The diameter of a residue is given by 2a=1.5
A. These data give us Torsion parameter as equal to A=1/2Rx sin (2[3)~ 2.34x 10°
cm’. Amino acid residue length is 10.554, and the mean distance between {C’
and C’} or equally well {N by N} species is about 3.5 A. energy are, respectively,
found to be (* = 98.7A and VF; =—15.5eV / molecule Blue solid circle and
red diamond tip marks on the above energy profiles are calculated using the
hypothetical data: fs=800 erg/cm?and G=1GPa.
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We have also tried to consider an extra term associated
with the permanent electric dipole-dipole interactions, which
prevail in most peptide conformations and are claimed to be
the main structural stability agents without producing any
substantial proofin the literature [28]. The dipole-dipole term
is an intrinsic term, which should appear as an additive term
in all characteristic functions, such as thermodynamic energy,
enthalpy Helmholtz, and Gibbs free energies, but with sign
reversal in the case of Enthalpy and Gibbs free energy [31],
then one writes.

_ A3 )
VF. =A3-B-C=6VF. =(3A2-B-C|s<0=

© G ( ) (Extremum)(31)
"= (B+C)/3AV2 ;VEL =-23(B+C)(B+C)/3AI2

VGg =-A3+B +C= VG =(—3A 2+B+c)550:>

. . (Extremum)(32)
¢ =(B+C)/3AV2 VG =+2/3 (B+C)(B+C)/3A2

By considering C=5 (the proper # signs are introduced in
Egs (31,32) for isochoric and isobaric systems, we obtained
the following mappings: In particular, the isochoric solution
produced very interesting results that showed stabilization of
the helical conformation at the finite critical length.

This is a very important result to explain the strange
behavior of peptides in practice, such as folding and unfolding,
multiplications, or partition after having some critical size into
two halves. Here, we demonstrate that the enhancement in
the stability may be achieved by the D*D interaction because it
produces an effect that implicitly reduces the surface specific
free energies in both cases, namely, for the isochoric and
isobaric isothermal changes, as shown in Figure 11a,b.

The potential energy of the dipole- dipole interaction
between two permanent electrostatic dipole vectors
separated from each other by r may be given by the following
expression, where only the second term is used because of the
on-plane positions of the residues d-r=o.

- N '3 1,5 did
vV, =-d .[vmj.d:-d S Ligs,dd (33)
d-d r P 3 3
) Isochoric Stabilization of Peptide Isobaric Growth of Peptide
Fig (a) ¥ Fig(t) | 2]
Ps'.ir[l\.‘c,"‘

I
, eV/Molecule

NSurface *

(lobal Helmholtz Free Energy, oV/Molecule

08

Helical Arc Length

Helical Arc Length

Figure 11: Stabilization of the helical conformation by the anti-align T{ dipole-
dipole interactions for the isochoric and isobaric systems is presented by using the
following fictitious values: C = 5 (red -line) with d-d and C = 0 (red- dots) without d-d
interactions, A = 15 and B = 15. Both systems show enhancements in their stabilization
by lowering the minima in Isochoric system, Figure 11a and elevating the activation
free energy barrier in the case of Isobaric systems, Figure 11b, and meanwhile the
critical lengths show slight increase in both cases.
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And

d, d

172 300591 00392 —005912

vV, =——
d-d 4rey My

(34)

We may also employ the angular equation given above to
account for misaligned dipoles. Where 0, is the angle between
the two oppositely charged dipoles and r , is the distance
between is the distance between the two molecules. 6, and
0, are the angles formed by the two dipoles with respect to
the line connecting their centers. Aligned pairs with positive
and anti-aligned pairs have negative potential energies. It
is also important to determine the potential energy of the
dipole moments of more than two interacting molecules. An
important concept to keep in mind when dealing with multiple
charged molecules interacting is that like charges repel and
opposite charges attract each other. Therefore, for a system
in which three charged molecules (two positively charged
molecules and one negatively charged molecule) interact,
the angle between the attractive and repellant forces must be
considered.

In the present special case presented in Figure 12a,b.
systematically, the mutual configurations of these pairs in
the peptide blocks are such that their interaction may be
represented by the last term in the above formula, because
in most cases, dipole moments occur in pair-wise acting on
the same oscillatory planes [32], either parallel or anti-parallel
orientations.

These pairing arrangements automatically eliminate

the first term and result in either negative or positive
+o(T1)

finite contributions, and E, ,(x)=|-p(™) ?ﬁaz to the global

Helmholtz and Gibbs free energies of the system, respectively.
Where p(t1) and p(T)) are the volumetric dipole densities
[#/cm?] of the parallel and antiparallel dipole pairs in the
helical conformation, respectively. Here, we do not agree with
the argument of Hol [33] that three is the total cancelation of
dipoles owing to the aggregate effect, except for the N- and
C-termini, which have opposite electrostatic charges. Hol
continues to argue that since the axis shift or pitch for each
amino acid residue in the a-helix is 1.5 A, all dipoles cancel out
except for the C- and N-termini. This argument, which may not
be justified even for the stationary state configuration, when it

a) = b)
& ﬁ " 0{;;5
K /?Lb\ /C'Q y (l.l; pLaso ct010 | L2
. = 0104 ¢ '
ﬁ + Ca T6 . C/(D.bf.*hl,[gb
) O é” OH H+0.25

Figure 12: Electric Dipole distributions in amino acid blocks with anti-align and
without align dipole pairs in Figure 12a. Where, there is only one strong anti-align
pair out form by {C’-0 and C’-0} in addition to the two align off-set pairs. In Figure12b,
there is one align-pair, which is not assigned properly [33].
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comes to the transition stage, would be completely collapsed,
since the a-helix starts to relax towards unfolding because it is
only a spontaneous decrease in the specific surface Helmholtz
free energy density that can be achieved for the isochoric
system. This change in the specific surface energy arises from
the short-range electrostatic interaction between the highly
monopolar surface characteristic of the amino acid backbone
structure and its immediate hydrophobic environment,
which helps reduce the interfacial surface free energy. This
means that variations in the pH level of the aqueous solution,
which is capping the alpha helix, may trigger pitch extension
because of the back stresses originating from the stored
torsional work injected during the folding stage. That pitch
enhancement is accompanied by the simultaneous increase
in the height of cylindrical cage of the helical conformation to
reduce the residual torsional deformation characterized by
A=0. Eventually, the result is complete unfolding toward the
zero-inclination angle 8 or torsion A=1/R sin 8 cosf, as has
been observed recently in our simulation studies.

In practice, we have enough information about their
arrangements and densities in particular peptide building
blocks that we can make reasonable estimate about the
excess density of the majority dipole pairs (+p) and their
parity configurations, and use them in the calculation of the
interaction potential; where “a’ is the radius of helical circular
conformation; namely: E;_, (0)=(tp)d / drsgrimati=Cl.
The negative and positive signs correspond to the anti-align
and on-align pairs, respectively. There is a sign reversal in the
C parameter when it is added to the Gibbs free energy, but
not for the isochoric system. Therefore, we prefer to have an
excess number of anti-align pairs, which go with a negative
sign to Helmholtz free energy assists the surface free energy
in stabilizing the structure for isothermal isochoric growth.

The calculations presented in the footnoteC show that if
one takes the shear modulus as G=109 dyne/cm, then two
anti-align dipole pairs would be sufficient to stabilize the
whole a-helix conformation with a critical binding energy of
approximately 4 kcal/mol per amino acid residue, which is a
factor of four higher than the measured unfolding energy of
11.1 (9.11) kcal/mol by Ackbarow, et al. [34] from the slow

CUsing a dipole moment of HFE, which is =3.7 D=12.34x10"*°cm, the calculated
electrostatic potential for a dipole pair is: V=-y? /4me r’=1.7x10" erg, and C=-
px (ma? V)=-px3.012x10%erg /cm, where r= 2A and 2a=1.5A. If we let L=100A.
and make use of: ¢* =L =+JC/3A connection, where A=1.29x10" erg/cm’
obtained previously for the stored elastic energy due to unusual torque term,
then one finds p (11)=--1.28x10% #/cm’ as the number of excess anti-align
dipole pair per unit volume. The probably frequency of the pairs in the a-helical
conformation having a length of L is given by P=p ma’L=22.6#. Then the
probably frequency of the pair per amino acid residue becomes Pre=P/11=-2.
This shows that two excess anti-align pairs are required to stabilize one amino-
acid residue for 3.6, a-peptide. This high probability frequency is due to the
selected very high shear modulus, G=1GPa. One order of magnitude reduction
in G while keeping the arc length invariant one obtains a factor of ten reduction
in the pair probability frequency P, =-0.2. For this case, the electrostatic binding
energy due to the excess anti-align dipole pairs for the whole helix conformation
reduces toV,=-2/3 C\C/3A -1.6 eV, and 0.147 eV per amino acid residue (-3.95
Kcal/mol)[44].

https://doi.org/10.29328/journal.abse.1001032

6]

deformation test (SDT) performed on HB bonds in the a-helix.
The Bell model [35] was used to analyze the dynamic force
extension data obtained at various strain rates, which appears
to be rather crude and unrealistic. The bond breaking energy
of HB in water ranges typically 3-6 kcal/mole [36], which
means that only three bonds are broken (SDT). On the other
hand, there are approximately 11-13 HB bonds in the a-helix,
which means that the total expectation value for the unfolding
or binding free energy should be in the range of 33-80 Kcal/
mole (1.43-3.5 eV/molecule). This unfolding energy range
was also included in the energy landscape studies by Idiris,
et al. [3] on (Glu)n Cys chains under different pH conditions
(3.0-8.0 pH) using various extension rates and found a range
of 2000-9000 KkJ/mole (20-90 eV/molecule), which shows a
monotonously decreasing convex connection between the
total unfolding energy and pH level of the aqueous solvent
solution.

Variational formulation of isochoric isothermal stabilty
of helical conformation

Here, we clearly have a non-equilibrium deformation
problem, such that the system, even in the absence of external
tractions and body forces (with the exception of gravity),
maintains its external form and internal integrity for a
sufficiently long time. As shown in the main text, the most
active and intensive component of this stored strain energy is
the unusual torque term.

Keeping all these complications in mind, as a first step
in handling this dynamic problem, we employ a quasi-static
approach using a simple optimization procedure in connection
with the planck criterion, which relies on the variational
method [37]. Where, the Lagrange multiplier technique is
utilized to address the constant volume constraint imposed on
the problem while keepingthelength and diameter ofthe amino
acid backbone structure as free or independent variables. We
could also enlarge our extremum problem such that the height
(total pitch height) and radius of the hypothetical cylindrical
shell or cage, which maintains the helical conformation of the
amino acid chain backbone structure, can be adjusted while
maintaining its volume and shell thickness. These constrained
variations in the dimensions of the cage produce alterations
in the inclination angle 8 of the helical conformation, which is
reflected by the rotation A and curvature x associated with the
amino acid skeletond [21]. These “‘frozen state’ * constraints
on the cage will be lifted in our future work while dealing
with the energetics of unfolding. The global Helmholtz free
extremum problem can be represented by the following set.
Here, a

aVF(aﬁ,)(s{“T”(3,12512«3 —27zafsz}so (35)

dln our incoming paper, this precondition on the enclosing cage structure will
be relaxed completely by taking into account of the quasi-free variations in the
pitch height and the radius of the helical shape (i.e., A will be now independent
variable) while keeping its volume constant but flexible (isochoric) in order to
simulate the unfolding process.
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In addition, with the following imposed constrains on the
backbone skeleton:

avo(az)a{;razz} -0, 51=0 (36)

Where 6 is variation operator, ‘a’and are notindependent
variables, since they are constrained by the second equation
above, which claims that the volume of the amino-acid
skeleton Vy(al)=V, is invariant quantity sV=0 under the
isothermal 6T =0 and isochoric conditions. Vo is the volume
of the alpha peptide, which is assumed to be closed (no
exchange of matter) and separated from the surroundings by
conductive workless boundary conditions.

The above set of variables can be put into the independent
variable form by defining a new function, X(a¢) which is
subjected to extremal solutions such as

S%(al)=S{VF (al)+ 2V (af)} <0 (37)

where x is the Lagrange Multiplier. We can then set the
solution of the variational problem into the following format:

ox(al)=06VF(al)+ yoV(al)=0 And V(al) =V, (38)

This yields two independent equations in terms of the
partial derivatives of Z(a,¢) with respectto {/,a} independent
variables. These may be put into the following form after
some legitimate cancelations, where {/,a,y} are unknown
independent variables:

ox(ar)/ o0 =4GA2ar? —2fs + ya=0,
o0(a,0)/da=4GA%ar? -3f5+34a=0

V = 7aZ =V, constant (39)

The solutions above can be easily obtained, which results
in y=fs/2a from Eq. (ii) and (i), respectively: After some
algebraic procedures, the following expressions for the
extremal values associated with the stable length ¢* and
radius a* of the helical conformation can be obtained in terms
of physicochemical system parameters:

2/3

1/3
sl (3.5 | and
Vo 8G.2

-12 -2/3
P N 3. fs
Vo Vo 8G2

Using above findings, the changes in the critical length and
the radius with respect to the volume of the peptide can be
calculated and plotted in Figure 13, which shows monotonic
decrease in length but not radius with volume. The binding or
extremal Helmholtz free energy can be obtained by substituting
the calculated extremal values of the length and radius of
the helical conformation into the expression for F (a, /),
which corresponds to a non-equilibrium stationary state.
Then one reads:

-1/3
(40)

EbEVF

* %\ 4r 2.%2 %3 % %
G(a 0 )77(3,1 a" 20" _oza" "1

(41)
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This expression can be further reduced to a form that
involves only the internal physicochemical parameters of
the system, such as {f,,G,4,V,}, using explicit connections
associated with (a*,é*) in Eq. (A-7). This amounts to the
following rigorous and compact expression after the
arithmetic manipulation of the terms:

. 3 13 55 183
* ' V4
VFG(a N, ): By (f5,G,2Vo) =2 2;:(\70) { s } fs (42)

8G A2

It is remarkable that the expression between the curly
braces is nothing but the critical value of the Helmholtz surface
free energy, which was designated by B /" 3(27ra*€* fs),
in our previous sections such as in Eq. (26), where we have
had the following expression for the binding free energy;
VF£:—2/3 B(B/3A)Y2 = —2/3B/". This formula was obtained
by assuming that the radius of the amino acid backbone is
frozen, which violates the constant volume condition, but not
necessarily the isochoric requirement. The difference between
these two approaches is negligible in terms of the binding
energy, as shown by numerical checking (SLnEb =1/12). Both
mathematical approaches attempt to find the extremal state
under different constraints, but from a mathematical point of
view, the present approach is sounder, but still cannot address
the unfolding scenario.

Figure 13. The Helmholtz binding free energy, E, the
length ¢ and the radius a* of a-Peptide with a simple helical
conformation at the stationary non-equilibrium state under
the isothermal isochoric conditions. Here a-Peptide is in the
folded state, which is subjected to the stored “anomalous or
unusual “ torsional deformation energy induced during the
folding process that shows very small drop 0.021eV during
the relaxation. There is also very small drop in the global
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Figure 13: The Helmholtz binding free energy, E, the length £* and the radius a*
of a-Peptide with a simple helical conformation at the stationary non-equilibrium
state under the isothermal isochoric conditions. Here a-Peptide is in the folded
state, which is subjected to the stored “anomalous or unusual” torsional deformation
energy induced during the folding process that shows very small drop 0.021eV during
the relaxation. There is also very small drop in the global Helmholtz free energy, 0.001
eV. Data: G = 23 MPa and fs = 20 erg/cm? and A = 2.34 x 106 cm™. The marks on
the line plots belong to the a-peptide characterized by the invariant volume of Vo =
1.767x10-22 cm?®,
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Helmholtz free energy, 0.001 eV. Data: G = 23 MPa and fs = 20
erg/cm?,and A = 2.34 x 106 cm-1. The marks on the line plots
belong to the a-peptide characterized by the invariant volume
of Vo =1.767 x 10-22 cm?®.

If we take previously employed values for a-helix such as:
a=0.75A; Lo = 1004, which corresponds to Vo = 1.767 x 10-
22 cm?, and A = 2.34 106 cm-1 in connection with the shear
modulus as reported by Leon, et al. [42,43] G=2.3 x 108 dyne/
cm? (23 MPa), and the Helmholtz specific surface free energy
as fs = 73 erg/cm? we may obtain the following values (after
subjected to the numerical relaxation procedure) for the
radius, the length and the binding free energy, respectively,
at the non-equilibrium stationary stable state: ac = 0.774;
Lc = 94A; Eb =-7.9 x 10-13 erg =-0.49 eV (-11.4 Kcal/mole),
that corresponds to -0.044 eV (-1.0 Kcal/mole) per amino
acid residue in 3.6, which has four distinct atomic species,
respectively, (N,C’,Ca,0) in its back- bone structure in addition
to the two hydrogen atoms plus the radicals to make up the
skeleton€ [38].

Therefore, there are 11-13 HB bonds if one considers the
N- and C-terminal capping. It is remarkable that the binding
energy calculated here is almost equal to that previously
obtained from the naive approach to the stability problem,
but the critical length reported as 93 A in the text was reduced
to approximately 7%; at the same time, the radius showed
an approximately 3% increase while keeping the volume
perfectly constant, Vo = 1.767 x 10-22 cm?® where 6V/V =
28a/a +6l/1.

According to the extensive spring mechanics studies
conducted by Idiris, et al. [3] on a- helical polypeptide
exposed to wide range of pH (0.3-0.8) environments, the
unfolding energy, which is strongly correlated with the
surface free energy term in our theory varies between 0.5 -
7.5 eV ( pH-8.0) up to 7.5 - 55 eV( pH-3.0) depending upon
the amount of extension, which varies from E = 1.25 nm up
to - E = 25.0 nm during the AFM stretching experiments
done on single (Glu)n -Cys chain n = 80, helicity = 80%).
Their reported Young modulus was 3GPa, assuming that the
length of the a-helix was L = 10 nm and the radius was 0.2
nm. Idiris, et al. [3] claimed that their findings are reasonable
because they are in agreement, within a factor of two,
with the theoretical calculation of Gang Bao from the GIT
(personal communication). The present author believes that
the original definition of Young’s modulus, which is valid for
linear Hookean solids or hyperelastic materials, cannot be
used in the present case because their force-extension plot
(F-E) shows strong nonlinearity, which can be represented
by a second-order (quadratic) polynomial, as suggested by

€Middleberg, etal. [43] reported values for Young modulus E=20-80 MPa (2-
8x108dyne/cm?) and the interfacial tension as 73-120 (erg/cm?) for a peptide
film having 15 A thickness, and self-assembled at the air water interface.
Idiris A, Taufiq M, Ikai A. Spring Mechanics of a-Helical Polypeptide, Protein
Eng. 13(11) : (2000) pp.763-770.
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the functional length dependence of the unusual torque term
obtained rigorously in this study. This behavior can also be
observed in the unfolding energy versus elongation F-E plots
from the study by ldiris, et al. [3] such as Figures 5,6. at high
pH values. The bond-breaking energies were obtained from
the a-helix (AH1), which is a domain from the 2 B segment of
the vimentin intermediate filament.

Results and discussion

In the first part of the applications denoted by Section-V
, the electromechanical stability of the strained helical
confirmations is treated under isothermal isochoric and
isobaric conditions. A special reference for the application
of this theory to the a-peptide structure of amino acid
complexes is given by employing two different irreversible
thermodynamics methods according to the imposed
constraints on the free variables to obtain a simple and
manageable mathematical model. In our following paper
[39] on the spontaneous unfolding of helical conformations,
we introduce a more general relaxation approach using
the Lagrangian multiplier method to solve the extremum
problem. While dealing with the electromechanical stability
of this highly complex and discrete atomic skeleton of
peptides, we are still insisting on staying in the domain of
the continuum approach. The most important outcome of
the present naive thermodynamic approach to the stability
problem is the unique role of the interfacial Helmholtz free
energy of the boundary layers enclosing and separating the
peptide skeleton from its immediate internal and external
aqueous solution environment, which may be characterized
by a single electrochemical quantity, that is, the pH level. As far
as the critical or non-equilibrium stationary stable arc length
of the alpha-helical conformation is concerned, for isochoric
isothermal systems, there is only one physicochemical
parameter that plays a major role, which is the ratio of the
surface (interface) Helmholtz free energy and the shear
modulus of elasticity, namely, f/G.

In Section-VI, irreversible thermokinetics of helical
conformation is formulated, where not only bulk Helmholtz
free energy but also the surface Helmholtz free energy is taken
into account for the spontaneous natural change in the global
Helmholtz free energy, which pushes the system towards the
non-equilibrium stationary state [6]. That hypothesis may be
also justified by the Planck (1887) criterion [22] for isochoric
isothermal changes for closed systems. That is also connected
to the Prigogine’s positive definite entropy production
hypothesis as a special case: 6vS, =-T76VF, >0V 5V=0 , where
equal sign for reversible (equilibrium) processes, and positive
sign for the irreversible or natural processes.

In Section-VII, a variational formulation of the isochoric
isothermal stability of the strained helical conformation is
considered using rigorous mathematical formulation. Here,
we clearly have a non-equilibrium deformation problem such
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that the system, even in the absence of external tractions
and body forces (with the exception of gravity), maintains
its external form and internal integrity for a sufficiently long
time.

Conclusion

1. In this work, we have demonstrated that the application
of pure torsion to a circular bar generates not only a simple
torque from the symmetric part of the deformation tensor but
also a torque term obtained though the anti-self-conjugate
part of that deformation tensor. This new unusual torque
term originates from the non-vanishing shear force field
directed along the tangential vector of the circumferences of
the cylindrical wall surface.

2. The rigorous adaptation of this pure torsion problem for
simple helical springs, which mimics the helical conformations
of folded proteins such as a-peptides and DNA , resulted in
very interesting findings, which are closely associated with
the vorticity of the screw symmetric deformation tensor
approaches zero, which means that the direction of the
unusual torque term after a few precessions tries to align with
the z-axis of the helix.

3. The behavior of the helical conformation under isochoric
and isobaric conditions was analyzed and formulated using
fundamental postulates of irreversible thermodynamics.
Kinetic equations related to deviations from the non-
equilibrium stationary state configuration are obtained,
which show that the gradient of the unusual torsional elastic
energy acts as the main driving force for the inherent stability.

4. It has been demonstrated that the main contribution to
the mechanical stability of a-peptide 3.6,, cannot come alone
from the electrostatic dipole-dipole interaction potential of
the anti-align excess dipole pairs but also from the surface
Helmholtz free energy, which is characterized by a binding
free energy of -15.5 eV/molecule (-32.56 Kcal/mole) for an
alpha-peptide composed of 11 amino acid residues with a
critical arc length of approximately 10 nm, assuming that
the shear modulus [40] is G=1GPa and the surface Helmholtz
specific free energy density is fs=800 erg/cm?. This result is
in excellent agreement with the experimental observations of
the AH-1 conformation of (Glu)n Cys at pH 8 by Idiris, et al. [1].

5. Irreversible thermodynamic treatment of the helical
conformation provides a method for calculating not only the
stationary state length but also the binding Helmholtz free
energy under isochoric isothermal conditions. The critical
length obtained in this work for the 3.6'! a-peptide is in
excellent agreement with experimental findings of 10 nm at
275°-360 °C as the most abundant conformation size in nature
for folded and extended states.

6. We have also provided quantitative arguments that one
excess anti-aligned dipole pair per amino acid residue may be
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sufficient for the mechanical stability of a-helix conformations
against the large stored torsional elastic deformation energy
supplied during folding. The calculated binding Helmholtz
free energy in the presence of two permanent anti-align
electrostatic dipole pairs was found to be -0.37 eV assuming
that G=23MPa for a-peptide 3.6'! having 11 amino acid
residues, which is almost equivalent to the one obtained for
the case where the surface Helmholtz free energy fs=23 erg/
cm? functions as a stabilizer.

7. The present theory indicates that only two excess
permanent anti-align dipole pairs for one a-Helical peptide
molecule is requirement to stabilize the whole secondary
structure of the protein that is exposed to heavy torsional
deformation during the folding processes which amounts to
7.75 eV/molecule stored electrostatic energy compared to
the interfacial Helmholtz free energy of -23.25 eV/molecule,
which is exposed to hydrophobic environments.

8. The quantitative estimates relying on the available
physico chemical-data [G=23MPa; fs=23 erg/cm?] indicate that
the stored torsional deformation energy because of folding
process is about 4.27 kcal/mole (0.185 eV/molecule) for the
whole a-helix structure having 11 amino acid residue and
11-13 HB, which is exactly the 2/3 of the surface free energy
(2m a fs Lo), which amounts to 0.667 eV. This ratio was also
predicted using the naive theory presented in the previous
section. These figures are also very close to the case in which
one has two anti-aligned dipole pairs that act as stabilizers.
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